Math 2802 N1-N3 Worksheet 8
Solutions

Find an upper triangular matrix R such that A= QR. Check your work.
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Solution.
-2 3
Let v; = g and v, = _72 . Then the orthogonal basis obtained from the
4 6
Gram-Schmidt process is u; = v; and
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The columns of R represent the equations v, = u; and v, = u; + 1. So

|
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We have to divide the first column of Q by ||u,|| and multiply the first row of R
by ||u;||. Likewise, we have to divide the second column of Q by ||u,|| and multiply

the second row of R by ||u,||. So we have that R = ((7) ;)

Apply the Gram-Schmidt decomposition to the vectors
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a) v1=(3 ),vzz(O),vgz(—l)
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—1 0 2 1
b vlz(g ),vzz(o),vgz(_6),v4:(_1)
0 1 1 0

Solution.



a) Start by u; = vy, then uy = v, — projpqn, (v2) = v, (note that v, and v, are
orthogonal). Now, u3 = v3 — projpany, (V3) — PT0jspany,(v3), that is
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b) In this problem we find u; = v, , u, = v,. Now, when dealing with v; we will
find that uy = v3—proj,any, (Va) —P10Jspany, (v3) = O; this is explained beacuse
vy is a linear combination of v; and v,. For the Gram-Schimdt process, we
simply discard this vector and continue with the next vector.

Decide whether the following sets form a basis for R3. If so, is it an orthogonal
basis? If so, convert the orthogonal basis into an orthonormal basis.
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Solution.

a) This is not a basis because the vectors are not linearly independent: the second
vector is the sum of the order two vectors.

b) This is an orthogonal basis, its orthonormal version is:

1 (Y 1 [ 3) 1[0
2 (3] = (12| =1
V19 (3) v10\1/y3 ‘/5(—1)



1/3 1/2  1/2

¢) This is a basis because by row reducing A = (1 /3 0 -1/ 2) we find
1/3 —1/2 1/2

that it has three pivots, so the vectors are linearly independent. However, it is

1/2
not an orthogonal basis: (1/3 1/3 1/3) (—1/2) # 0.

1/2
1 2 0
Find the distance from | 1 | to the plane in R® spanned by v; = =3 |, v, = 2 |.
1 2 -3
Solution.
1 1
The distance is the length of [ 1 | —pro Jspan{vy,vs} 1 |. Note that v; - v, =0 so
1 1
2 0
(11 1)-3 (11 1) 2
, } 2 —3 1 1
pro]span{v Vot = v+ Vo ="2oVi— 5V
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(2 -3 2)(—3) (0 2 —3)(2)
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1 1 1-2/17 a
Therefore, [ 1 |=projenpv,| 1 |=|1+3/17+2/13 | =| b |. The distance is
1 1 1-2/17+3/13 ¢
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Ify= (5), u; = (1) and u, = ( 6 ) Find a decomposition y =y + 2, where ¥

N

6 1 -5
is in W = Span{u,,u,} and z is in the orthogonal complement of W.

Solution.
We have that ¥ = proj,,(y) and that u; and u, are orthogonal. Thus
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~ ‘u ‘u 11 0 1
y='y 1u1+y 21, = —u; + uzzg(ll).
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